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Abstract

This article presents a modified butterfly subdivision scheme with improved smoothness
over regular triangular meshes. The proposed technique is an approximating scheme with a
tension parameter. It achieves fourth-order accuracy and generates C? limit surfaces for a
suitable range of the parameter while maintaining the same support of the original
butterfly scheme. To validate the theoretical results, some numerical examples are provided.

Introduction

Subdivision schemes are powerful tools for generating smooth curves and surfaces in CAGD
and computer graphics. Starting with a set of control points at level 0, a subdivision scheme
generates new sets of control points at level k, k € N, by applying a set of refinement rules.
We call a subdivision scheme interpolatory if all the control points at the current level are
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included in the set of control points at the next level; otherwise, it is termed as an
approximating scheme. Since the first seminal work (Chaikin’s corner-cutting algorithm) in
[1], there have been intensive studies on subdivision techniques in the literature over the
last few decades; for example, see [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14],
[15] and the references therein.

This paper is concerned with bivariate subdivision schemes for designing surfaces. The most
well-known interpolatory subdivision method for generating surfaces is the butterfly
scheme [16] which is characterized by approximation order 4 and C' smoothness over a
regular triangular mesh. Some variants of the butterfly scheme have been proposed to
enhance the quality of surfaces. Dyn et al. [17] suggested a modified version of the butterfly
scheme that utilizes a slightly larger neighborhood of control points with a new parameter.
In [18], Novara et al. extended the modified butterfly scheme by adding six more points,
resulting in C? smoothness and the approximation order 6. Moreover, Zorin et al. [19]
generalized the modified butterfly scheme to the irregular triangulation. On the other hand,
non-stationary [18], [20] butterfly schemes reproducing exponential polynomials were
proposed. Very recently, Conti and Lopez-Urefia [21] introduced an essentially non-
oscillatory interpolatory subdivision scheme on regular triangular grids, a non-linear
analogue of the original butterfly scheme.

Despite these various extensions of the butterfly subdivision scheme, there is no direct and
natural extension to have C? smoothness, while preserving the same support of the
classical butterfly scheme. These schemes include more vertices in the refinement rules to
obtain higher continuity, causing some loss of locality in the final limit surfaces. In this
regards, we seek a different way to construct a modified butterfly subdivision scheme with
improved smoothness on a regular triangular grid. The main idea of our approach is to
design our technique as an approximating scheme with a tension parameter (say, w).
Although we sacrifice the interpolating property, for a small parameter value of w, our
technique becomes a nearly interpolating scheme. As a result, it provides fourth-order
accuracy, and its basic limit functions have C? continuity for a suitable range of w, while
maintaining the same support as the classical butterfly scheme. To the best of our
knowledge, approximating butterfly subdivision schemes (for triangular grids) fulfilling
such properties have been never proposed before. Although this study does not consider the
construction of extraordinary rules, it is still an active field of research. In fact, some
applications of 3D biomedical images do not need to handle meshes with extraordinary
points [18].



We structure this paper as follows. Section 2 recalls preliminary notation and definitions. In
Section 3, we introduce a new butterfly subdivision scheme with a tension parameter. Its
convergence and smoothness are analyzed in Section 4. Finally, the approximation order of
the proposed scheme is discussed in Section 5.

Section snippets

Notation and definitions

For the presentation of this paper, we use the following notation. For each positive integer n
, IT,, indicates the space of all bivariate algebraic polynomials of degree < n. Denote by Z.
the set of nonnegative integers and put Z2 = {a = (a1, a2) € Z* : a1, a2 > 0}.
Corresponding to a = (a1, @) € Zi and z = (21, 22) € C2, we set

la; = a1 + a2, al=oglay!, 2*:=2"2".Letf® (Z2) be the space of all bounded
sequences defined on Z?2. For a given matrix A == (4;; : i,j = 1,2) € R**?, denote

|A| = (J4ij|:4,7i=1,2), |Al, =max{|4;1|+ |4i2]:¢...

Improved butterfly subdivision scheme

In this section, we present a novel modified butterfly approximating subdivision scheme
(hereafter, termed as ‘MBASS’). The refinement rules of the MBASS are based on the
configuration of weights illustrated in Fig. 1. Unlike the existing butterfly schemes, the
proposed technique is an approximating scheme such that the existing vertices are adjusted
at each subdivision step. Specifically, the vertex rule of the MBASS is defined by using the 7-
point stencil in Fig. 1 (left): £§*! = (1 — ) f,’fo + >

Smoothness analysis

The purpose of this section is to show that the MBASS generates C? limit functions for a
suitable range of the parameter w. Our approach is based on checking the contractivity of
the difference schemes derived from the given subdivision operator (see [12], [24]). To this
end, for a given operator Sg with matrix mask B, we define the norm of S LeN,
corresponding to £-times iterated steps as follows:

156 o, = ma { | ez

times iterated...

BA |H o€ [O 2t _ 1]2 ﬂ%} Indeed, the norm of an ¢-
28|l : , Z o - ,



Approximation order

This section is concerned with the approximation order of the MBASS. When a convergent
subdivision scheme reproduces polynomials in Ilg, it can achieves approximation order

d + 1. However, the order of accuracy derived from the polynomial reproduction degree is,
in general, not optimal (e.g., see [23], [25]). For instance, the B-spline subdivision of degree
d € N reproduces polynomials in II; only, but it can retain the approximation order d + 1
by applying a suitable operator to the given sequence [25]...

Acknowledgments

This work has been supported by the National Research Foundation (NRF) of Korea under
the grants NRF-2022R1F1A1066389 (H. Yang), NRF-2023R1A2C1006672 (B. Jeong), RS-
2023-00208864 and NRF-2019R1A6A1A11051177 (J. Yoon)....

Recommended articles

References (25)

ChaikinG.M.
An algorithm for high speed curve generation
Comput. Vis. Graph. Image Process. (1974)

BeccariC. et al.

A non-stationary uniform tension controlled interpolating 4-point scheme
reproducing conics

Comput. Aided Geom. Design (2007)

CatmullE. et al.
Recursively generated B-spline surfaces on arbitrary topological meshes
Comput. Aided Des. (1978)

CharinaM. et al.
Scalar multivariate subdivision schemes and box splines
Comput. Aided Geom. Design (2011)

ContiC. et al.


https://www.sciencedirect.com/science/article/pii/0146664X74900288
https://www.sciencedirect.com/science/article/pii/S0167839606000872
https://www.sciencedirect.com/science/article/pii/0010448578901100
https://www.sciencedirect.com/science/article/pii/S016783961100032X

Convergence of univariate non-stationary subdivision schemes via asymptotical
similarity
Comput. Aided Geom. Design (2015)

DynN. et al.
Polynomial reproduction by symmetric subdivision schemes
]. Approx. Theory (2008)

DongB. et al.
Pseudo-splines, wavelets and framelets
Appl. Comput. Harmon. Anal. (2007)

DengC. et al.

Repeated local operations and associated interpolation properties of dual 2n-
point subdivision schemes

J. Comput. Appl. Math. (2019)

NovaraP. et al.
Improving smoothness and accuracy of modified butterfly subdivision scheme
Appl. Math. Comput. (2016)

LeeY. et al.

Non-stationary subdivision schemes for surface interpolation based on on
exponential polynomials

Appl. Numer. Math. (2010)

v | View more references

Cited by (0)

(© 2024 Elsevier Ltd. All rights reserved.


https://www.sciencedirect.com/science/article/pii/S0167839615000825
https://www.sciencedirect.com/science/article/pii/S0021904508001330
https://www.sciencedirect.com/science/article/pii/S1063520306000601
https://www.sciencedirect.com/science/article/pii/S0377042718305818
https://www.sciencedirect.com/science/article/pii/S0096300315009844
https://www.sciencedirect.com/science/article/pii/S016892740900169X
https://www.sciencedirect.com/science/article/pii/S0893965924001071

ELSEVIER

All content on this site: Copyright (© 2024 Elsevier B.V., its licensors, and contributors. All rights are reserved, including those for text and data mining, AI
training, and similar technologies. For all open access content, the Creative Commons licensing terms apply.

& RELX™


https://www.elsevier.com/
https://www.relx.com/

